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MEAN CURVATURE FLOW IN
ASYMPTOTICALLY FLAT PRODUCT SPACETIMES
KLAUS KRO¨NCKE, OLIVER LINDBLAD PETERSEN, FELIX LUBBE, TOBIAS MARXEN,
WOLFGANG MAURER, WOLFGANG MEISER, OLIVER C. SCHNU¨RER, A´RON SZABO´,
AND BORIS VERTMAN
Abstract. We consider the long-time behaviour of the mean curvature flow of
spacelike hypersurfaces in the Lorentzian product manifold M × R, where M is
asymptotically flat. If the initial hypersurface F0 ⊂ M × R is uniformly spacelike
and asymptotic to M × {s} for some s ∈ R at infinity, we show that the mean
curvature flow starting at F0 exists for all times and converges uniformly to M×{s}
as t →∞.
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1. Introduction and main results
The mean curvature flow is a 1-parameter family Ft of embedded submanifolds of a
semi-Riemannian manifold that evolves in the direction of its mean curvature vector,
that is, Ft satisfies
∂tF (x, t) =
#»
H(x, t) , F (x, 0) = F0(x)
for all x ∈ M and t ∈ [0, T ) for some T > 0. Especially the case of hypersurfaces of
Riemannian manifolds has been studied extensively in the literature, see e. g. [2] for
a recent survey.
Another interesting case that has been studied less often is the case of hypersurfaces
in globally hyperbolic Lorentzian manifolds. In this case, the mean curvature flow is
a parabolic equation precisely if the immersion is spacelike. Further, if the ambient
space is a product manifold M × R, the flow is given entirely in terms of a function
u :M × [0, T )→ R, subject to the equation
∂tu =
√
1− |∇u|2σ divσ
(
σ∇u√
1− |∇u|2σ
)
,
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where σ is the metric on M and the norms and derivative are taken with respect
to σ. Ecker and Huisken considered the mean curvature flow in cosmological space-
times satisfying the timelike convergence condition to find hypersurface of prescribed
mean curvature [4]. However, they had to assume a structural monotonicity condi-
tion for the prescribed mean curvature. The timelike convergence condition and the
structural monotonicity condition were later on removed by Gerhardt [7]. Long-time
existence of the mean curvature flow in Minkowski space was shown in [6]. In [5],
Ecker considered the mean curvature flow in asymptotically flat manifolds and proved
long-time existence and convergence to a maximal hypersurface, provided that the
spacetime satisfies a weak energy condition.
In this paper, we are considering the asymptotic behaviour of solutions of the mean
curvature flow in asymptotically flat manifolds. In contrast to [5], we do not need any
energy condition on the spacetime but we assume that the spacetime is of product
type. Our main result is as follows:
Theorem 1.1. Let (Mn, σ), n 6= 2 be an asymptotically flat Riemannian manifold
and let M × R be equipped with the Lorentzian product metric
σ − (dx0)2 .
Furthermore, let F0 ⊂ M × R be a hypersurface which is the graph of a function
u0 ∈ C
0,1(M) with Lipschitz constant smaller than 1 − ε for some ε > 0 and such
that u0(x) → s for some s ∈ R as x → ∞. Then there exists a solution Ft to the
mean curvature flow which starts at F0 and exists for all times t > 0. Further, Ft
is the graph of a function ut : M → R for each t and ut converges to u∞(x) = s,
uniformly in all derivatives as t→∞.
In this paper, we prove the theorem for manifolds with one Euclidean end but the
proof can easily be generalised to the case of multiple ends. Similarly, the result also
holds for manifolds which are asymptotically locally Euclidean (ALE).
Our solution of the mean curvature flow is constructed as the limit of solutions of
Dirichlet problems on large balls. In spatial dimensions n ≥ 3, we construct rotation-
ally symmetric stationary solutions of the mean curvature flow in Minkowski space.
In asymptotic coordinates, these solutions serve as barriers in order to guarantee that
the limit solution stays asymptotic toM×{s} for positive times, i. e. the solution can
not lift off at spatial infinity in the sense that the function |ut−s| becomes eventually
bigger than some positive constant on any compact subset. The behaviour of the
hypersurfaces at spatial infinity has been raised as an open point in [5, Remark 3.2].
Furthermore, we use these barriers at infinity and a carefully chosen quantity that
controls the solution in the interior to prove uniform C1-bounds from which we obtain
global existence. The convergence behaviour at t→∞ follows from a combination of
maximum principle arguments.
We have to exclude the case n = 2 because we can neither construct nice barriers
at infinity nor use the simple structure of the evolution equation as in the case n = 1.
Therefore, we get an unsatisfactory gap in the main theorem. However, we conjecture
that the assertion of our main result also holds in dimension n = 2.
Corollary 1.2. Let (M ×N,σ+ η) be the Riemannian product of an asymptotically
flat manifold (Mn, σ), n 6= 2, and a Riemannian manifold (N, η) of bounded geometry
and let M ×N × R be equipped with the Lorentzian product metric
σ + η − (dx0)2 .
Furthermore, let F0 ⊂M ×N ×R be a hypersurface which is given by the graph of a
bounded function u0 ∈ C
0,1(M ×N) with Lipschitz constant at most 1 − ε for some
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ε > 0 and such that u0(x, y) → s uniformly in y ∈ N for some s ∈ R as x → ∞.
Then there exists a solution Ft to the mean curvature flow which starts at F0 and
exists for all times t > 0. Further, Ft is the graph of a function ut :M ×N → R for
each t and ut converges to u∞(x) = s, uniformly in all derivatives as t→∞.
The corollary is a consequence of our main result: Pick an initial function v0 :
M → R satisfying the assumptions of the theorem and that in addition fulfills the
inequality |u0(x, y)| ≤ v0(x) for all (x, y) ∈ M × N . Then the mean curvature flow
in M × R starting at graph(v0) (represented by the function vt) can be extended to
a mean curvature flow on M ×N ×R (by letting vt be constant in the N -direction).
By adding some ε > 0 and applying a point-picking maximum principle we see that
vt serves as a barrier for ut.
Remark 1.3. If N = Rn−1 (equipped with the flat metric) in Corollary 1.2, one
obtains the main theorem under weaker assumptions in the case of the Minkowski
space:
(i) IfM in the main theorem is Rn with the flat metric, the assertion also holds for
u0 ∈ C
0,1(Rn) that does not converge to s ∈ R in all directions but is bounded
and satisfies u0(x1, . . . , xn)→ s uniformly in x2, . . . , xn as |x1| → ∞.
(ii) Suppose F0 is a spacelike hypersurface that converges uniformly in one di-
rection to an arbitrary spacelike hyperplane Σ ⊂ Rn,1 in the following sense:
There is an isometry A ∈ Iso(Rn,1) such that A(Σ) = Rn × {s} and A(F0) =
graph(u0) where u0 satisfies the assumptions of (i). Then the mean curvature
flow starting at F0 exists for all times and converges to Σ uniformly in all
derivatives.
From an analytical viewpoint, it would be very interesting to relax the condition
on the Lipschitz constant of u0 such that we can allow |∇u0| → 1 at infinity. More-
over, it would also be interesting to generalise the result from product spacetimes to
stationary spacetimes. Both issues are planned to be attacked in the future.
This paper is organised as follows. In Section 2, we introduce notation, conventions
and setup. In Section 3, we construct rotationally symmetric barriers at infinity. In
Section 4, a general procedure to interpolate between an arbitrary initial data on
an asymptotically flat manifold and zero initial data on flat space is elaborated. In
Section 5, we show that the mean curvature flow can not lift off at infinity due to
our assumptions. In Sections 6 and 7, we prove gradient estimates for the Dirichlet
problem at the boundary and in the interior, respectively. In Section 8, we conclude
with the proof of the main theorem.
Acknowledgements. This project was initiated at a winter school about geometric
evolution equations in Konstanz in February 2018. The authors thank the priority
programme 2026 Geometry at Infinity, funded by the Deutsche Forschungsgemein-
schaft, for financial support and for providing an excellent platform for joint research.
Klaus Kro¨ncke and Felix Lubbe have carefully connected our different contributions
and prepared the present paper. The other authors are very grateful for these diligent
efforts.
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2. Preliminaries
2.1. Notation and conventions. Let (M,σ) be an n-dimensional Riemannian
manifold. We consider the Lorentzian product manifold(
M × R, h
)
, where h := σ −
(
dx0)2 ,
and where x0 is the coordinate on R. Locally (i. e. with respect to local coordinates
{xk}), the expression for the metric is given by
h = σijdx
idxj − (dx0)2 ,
where we use the Einstein summation convention and the indices i, j, k, . . . will always
run from 1 to n := dimM . Associated to the metric h we have its Levi-Civita
connection h∇, which splits according to the product structure as
h∇ = σ∇⊕
∂
∂x0
.
Here, σ∇ is the Levi-Civita connection with respect to σ, with Christoffel symbols
given by σΓ kij .
A smooth function u : M → R naturally defines an embedding into the product
manifold M × R via
F : M →M × R , F (x) :=
(
x, u(x)
)
.
Then the graph of the map u is the image of F ,
graphu := F (M) :=
{(
x, u(x)
)
: x ∈M
}
⊂M × R .
The induced metric g on M is defined as
g := F ∗h
and is locally given by
gij = (F
∗h)ij = σij − uiuj ,
where uj :=
∂u
∂xj
denotes the derivatives of the function u with respect to the local
coordinates {xk}. The Levi-Civita connection of g will be denoted by ∇.
For the Ricci curvatures associated to the metrics h and σ, we will write Rich and
Ricσ, respectively.
The different norms induced by the metrics will be indicated by an index. For
example, we write | · |g for the norm induced by the metric g. The gradient associated
to a metric will be denoted by the same symbol as the corresponding connection (e. g.
it is (σ∇u)i = σijuj), Note that when writing the norm of a derivative, we will use
the same metric for the connection and for the norm (unless otherwise stated), e. g.
|∇u|σ := |
σ∇u|σ.
Throughout, we will often use the notation “x . y”, which means “there is a uni-
versal constant C = C(n) > 0 such that x ≤ Cy” and “x ≃ y” means “x . y and
y . x”.
Let us endow Rn with its Euclidean metric δij . For the following definition, norms
| · |, raising and lowering of indices, and differentiation ∇ are taken with respect to the
Euclidean metric, unless otherwise specified. Moreover, for a function f we denote
by fi or, respectively, fij derivatives with respect to the Euclidean metric, i. e. partial
derivatives in Cartesian coordinates.
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Definition 2.1. A Riemannian manifold (M,σ) is called asymptotically flat if there
exists a compact set K ⊂ M , a Euclidean ball BR0(0) ⊂ R
n such that M \ K is
diffeomorphic to Rn \BR0(0) and there is a bounded function ω : (R0,∞)→ R+ with
ω(ξ)→ 0 as ξ →∞ such that for all r ≥ R0,
|σij − δij | . ω(r), (2.1)
|∇ (σij − δij)| = |∇σij| .
ω(r)
r
, (2.2)
where r is the Euclidean distance to the origin and the diffeomorphism is suppressed
in the formulæ.
Remark 2.2. (i) Note that asymptotic flatness implies∣∣∣σij − δij ∣∣∣ . ω(r), (2.3)∣∣∣σΓ kij ∣∣∣ = ∣∣∣12σkl(σli,j + σlj,i − σij,l)∣∣∣ . ω(r)r . (2.4)
(ii) We use a weaker definition of asymptotically flatness than most other papers
where one often assumes that ω(r) = r−τ for some τ > 0 (e.g. in [5]). In this
case, one calls (M,σ) asymptotically flat of order τ .
The diffeomorphism ϕ : M\K → Rn\BR0(0) is also called an asymptotic coordinate
system and ϕ = (x1, . . . , xn) are called asymptotic coordinates. The Riemannian
distance function of σ will be denoted by d and metric balls of radius R around
x ∈M will be denoted by BR(x). If R ≥ R0, we use the notation
KR :=M \ (ϕ
−1(Rn \BR(0))).
We call M \KR = ϕ−1(Rn \BR(0) an asymptotic coordinate neighbourhood.
Finally, we call u ∈ C0,1(M) uniformly spacelike, if there exists an ε > 0, such that
the Lipschitz constant (with respect to σ) is at most 1 − ε. For u ∈ C1(M), this is
equivalent to |∇u|σ ≤ 1− ε. The notion of uniform spacelikeness will become clearer
in the next subsection.
2.2. Mean curvature flow of spacelike hypersurfaces in static spacetimes.
Let u : M × [0, T )→ R be a family of smooth functions, where we set ut(x) := u(x, t).
We say that the family u evolves under the mean curvature flow, if the family of
graphs
graphut :=
{
(x, u(x, t)) : x ∈M} ⊂M × R
satisfies the mean curvature flow equation, that is, there exists another family of maps
F : M × [0, T )→M × R such that{
∂tFt(x) =
#»
H(x, t) ∀x ∈M ,
F0(x) = (x, u0(x)) ,
(2.5)
and graphut = Ft(M). Here,
#»
H(x, t) denotes the mean curvature vector of Ft(M)
at F (x, t). To get a parabolic equation, we have to assume that the hypersurfaces
Ft(M) are spacelike. This is the case if and only if |∇u|σ < 1 everywhere. Under these
assumptions, the mean curvature flow system may equivalently be written entirely in
terms of u as
∂tu =
√
1− |∇u|2σ divσ
(
σ∇u√
1− |∇u|2σ
)
. (2.6)
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Here, divσ denotes the divergence with respect to the metric σ. Using that the inverse
metric is given by
gij(σ,∇u) = σij +
σikσjlukul
1− σklukul
,
we can also write
∂tu = g
ij(σ,∇u) σ∇2iju . (2.7)
Lemma 2.3. The evolution equation for u is given by
(
d
dt
−∆)u = 0 ,
where ddt denotes the total time derivative and ∆ is the Laplacian with respect to the
induced metric g.
Proof. See [7, Lemma 3.5] and note that the right-hand side in this formula is zero
in our case. 
Let us set
v :=
1√
1− |∇u|2σ
= −
〈
ν,
∂
∂x0
〉
, where ν :=
(σ∇u, 1)√
1− |∇u|2σ
is the unit normal vector of the graph.
Lemma 2.4. Assume that graphut is strictly spacelike. Then the relations
1
v2
σ ≤ g ≤ σ ,
1−
1
v2
= |∇u|2σ ≤ |∇u|
2 = v2 − 1
hold.
Proof. The first relation follows by noting that for all vectors w ∈ TM we have
1
v2
= 1− |∇u|2σ , |∇u|
2
σσ(w,w) ≥ (∂wu)
2
and g(w,w) = σ(w,w) − (∂wu)2 ≤ σ(w,w). For the second relation, we note that
σ−1 ≤ g−1 ≤ v2σ−1 and calculate
|∇u|2σ = σ
ijuiuj ≤ g
ijuiuj = |∇u|
2 .
For the remaining equality, we calculate
|∇u|2 = gijuiuj =
(
σij +
σikσjlukul
1− σklukul
)
uiuj
= |∇u|2σ +
|∇u|4σ
1− |∇u|2σ
=
|∇u|2σ
1− |∇u|2σ
= v2 − 1 . 
3. Construction of a barrier
For this section we assume n ≥ 3. In the cases n = 1, 2, the graphical maximal surface
described below is unbounded. Therefore, these cases are slightly more complicated
and will be discussed in separate remarks in later chapters.
We wish to find a rotationally symmetric positive function b defined on Rn \Br0(0)
(where Rn is equipped with an asymptotically flat metric σ) for some r0 > 0, such
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that b(x) ≫ 1 for |x| = r0, b(x) → 0 for |x| → ∞, and such that b is a static
supersolution of (2.7), i. e.
gij(σ,∇b) σ∇2ijb ≡
(
σij +
σikσjlbkbl
1− σklbkbl
)(
bij −
σΓ kijbk
)
≤ 0. (3.1)
Let first us consider σij(x) = δij and the case of equality in (3.1). That is, we consider
the equation for maximal spacelike hypersurfaces in Minkowski space. The function
corresponding to b in this case we denote by β. We choose β to be rotationally
symmetric and by abuse of notation we write β(x) ≡ β(r). Also setting βi = βkδki,
(3.1) becomes
0 =
(
δij +
βiβj
1− βkβk
)
βij
=
(
δij +
(β′)2
1− (β′)2
xixj
r2
)(
β′′
xixj
r2
+ β′
(
δij
r
−
xixj
r3
))
=
β′′
1− (β′)2
+ β′
n− 1
r
. (3.2)
Rewriting this equation in the form
β′′
(1− β′)(1 + β′)β′
= −
n− 1
r
makes it easy to integrate it under the condition −1 < β′ < 0. We have for any c > 0
a solution of (3.2) of the form
β′ = −
(
1 + c r2n−2
)−1/2
. (3.3)
We remark that β′ is integrable at infinity only for n ≥ 3 and a solution with β(r)→ 0
for r →∞ is available only in this case.
Lemma 3.1. There exists r1 > 0, depending only on σ, such that for any r0 ≥ r1
there exists a rotationally symmetric function b : Rn \ Br0(0) → R with the following
properties:
(i) b(x) ≃ r
n− 3
2
0 |x|
−(n− 5
2
) and
(ii) gij(σ,∇b) σ∇2ijb ≤ 0, i. e. b is a static supersolution.
Proof. In order to construct a supersolution, we are going to tweak the exponent of
r in (3.3) to make β into a proper supersolution b strong enough to survive a change
from the Euclidean metric to σ. For r0 > 0 (to be chosen later) we consider the
rotationally symmetric function b(r) given on Rn \Br0(0) by the conditions b(r)→ 0
for r →∞ and
b′ = −
(
1 +
(
r
r0
)2n−3)−1/2
. (3.4)
The second derivative is given by
b′′ =
(
n− 32
) 1
r0
(
r
r0
)2n−4
(
1 +
(
r
r0
)2n−3)3/2 . (3.5)
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We will also need
1− (b′)2 = 1−
1
1 +
(
r
r0
)2n−3 =
(
r
r0
)2n−3
1 +
(
r
r0
)2n−3 . (3.6)
Now, instead of fulfilling (3.2), b is a strict supersolution:(
δij +
bibj
1− bkbk
)
bij =
b′′
1− (b′)2
+ b′
n− 1
r
= (n− 32)
r−1(
1 +
(
r
r0
)2n−3)1/2 + (n− 1)b
′
r
=
1
2
b′
r
≃ −r−1
(
r
r0
)−n+ 3
2
. (3.7)
We shall see that the left-hand sides of (3.1) and (3.7) differ by terms of lower order
than the right-hand side of (3.7). In this way we will obtain (3.1). Before we continue
let us remark the following:
|∇b| ≃
(
r
r0
)−n+ 3
2
, (3.8)
|∇2b| ≃ r−1
(
r
r0
)−n+ 3
2
. (3.9)
Furthermore we note 1− δklbkbl ≥
1
2 and by assuming that r0 is sufficiently large we
can infer by (2.1) that 1− σklbkbl ≥
1
3 . It allows us to estimate in the following way
using (2.3) and |∇b| ≤ 1:∣∣∣∣ 11− σklbkbl − 11− δklbkbl
∣∣∣∣ =
∣∣∣∣∣ (σkl − δkl)bkbl(1− σklbkbl)(1− δklbkbl)
∣∣∣∣∣ . ω(r). (3.10)
It is now straightforward to estimate the error term from gij :∣∣∣gij(σ,∇b)− gij(δ,∇b)∣∣∣
=
∣∣∣∣∣σij + σikσjlbkbl1− σklbkbl − δij − δ
ikδjlbkbl
1− δklbkbl
∣∣∣∣∣
≤
∣∣∣σij − δij ∣∣∣+ ∣∣∣∣∣σikσjl − δikδjl1− σklbkbl
∣∣∣∣∣+ ∣∣∣δikδjl∣∣∣
∣∣∣∣ 11− σklbkbl − 11− δklbkbl
∣∣∣∣
. ω(r).
(3.11)
We can finally compare the operators for the different metrics:∣∣∣gij(σ,∇b) σ∇2ijb− gij(δ,∇b)bij ∣∣∣
≤
∣∣∣gij(σ,∇b)− gij(δ,∇b)∣∣∣ |bij |+ ∣∣∣gij(σ,∇b)∣∣∣ ∣∣∣σΓ kijbk∣∣∣
.
ω(r)
r
(
r
r0
)−n+ 3
2
(3.12)
by (3.11), (3.9), (3.8), (2.4), and the fact that
∣∣gij(σ,∇b)∣∣ is bounded (by (2.3) and
r0 ≫ 1). Since by (3.7)
gij(δ,∇b)bij =
(
δij +
bibj
1− bkbk
)
bij ≃ −r
−1
(
r
r0
)−n+ 3
2
, (3.13)
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we use (3.12) for 1 ≪ r0 ≤ r to conclude the desired result (3.1), i. e. b is a superso-
lution. As we choose b such that b(r)→ 0 for r→∞ we find
b(r) = −
∞∫
r
b′(s) ds ≃
∞∫
r
(
s
r0
)−n+ 3
2
ds ≃ r
n− 3
2
0 r
−n+ 5
2 (3.14)
which finishes the proof. 
For making use of the supersolution b as a barrier, we need to make sure that a
solution can not touch b at r = r0. But this is ensured by the lemma, since b can be
made arbitrarily large at r = r0 as we enlarge r0.
Corollary 3.2. For any h > 0 and for any r1 > 0 there exists r0 ≥ r1, depending only
on σ, and a rotationally symmetric function b : Rn \ Br0(0) → R with the following
properties:
(i) b > 0,
(ii) b(x)→ 0 for |x| → ∞,
(iii) b(x) ≥ h for |x| = r0, and
(iv) gij(σ,∇b) σ∇2ijb ≤ 0, i. e. b is a static supersolution.
Remark 3.3. The following observations are crucial:
(i) Because the operator only depends on derivatives, b + ε is a supersolution for
any ε ∈ R.
(ii) Because of gij(σ,−∇b) = gij(σ,∇b), −b is a subsolution and yields a barrier
from below.
4. Interpolation of initial data
Let (M,σ) be an asymptotically flat Riemannian manifold, x0 ∈ M and R0 > 0 so
large that M \KR0 is an asymptotic coordinate neighbourhood of M .
Proposition 4.1. Let (M,σ) and R0 be as above and u0 ∈ C0,1(M) be uniformly
spacelike with Lipschitz constant 1− ε. Then for every R2 > R1 ≥ R0, there exists a
metric σ˜ and a function u˜0 such that
σ˜ij = σij and u˜0 = u0 on KR1 ,
σ˜ij = δij and u˜0 = 0 on M \KR2
and such that u˜0 is uniformly spacelike with respect to the constant ε > 0 from above.
Proof. For the proof, we may assume that u0 ∈ C1(M) since the Lipschitz case
follows immediately from an approximation argument. For notational convenience,
set S1 := R1 and S4 := R2. Pick constants S2, S3 such that S1 < S2 < S3 < S4 and
choose smooth cutoff functions ψi :M → [0, 1], i = 1, 2, 3 such that
ψi ≡ 1 on KSi , ψi ≡ 0 on M \KSi+1.
Now fix λ > 1 and let
σ̂ij = ψ1σij + (1− ψ1)λσij ,
σ˜ij = ψ3σ̂ij + (1− ψ3)δij = ψ3(ψ1σij + (1− ψ1)λσij) + (1− ψ3)δij
and
u˜0 = ψ2u0 .
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Then we have σ˜ij = σij and u˜0 = u0 on KS1 and σ˜ij = δij and u˜0 = 0 outside of KS4 .
Because u˜0 vanishes even outside of KS3 , it remains to prove that u˜0 is uniformly
spacelike on KS3 \KS1 . On KS2 \KS1 , we have
u˜0 = u0 and σ˜ij = σ̂ij .
and since σ̂ij = fσij with a function f ≥ 1, we have
|∇u˜0|
2
σ˜
= |∇u0|
2
σ̂
=
1
f
|∇u0|
2
σ ≤ (1− ε)
2
in this region. Finally, let us check the region KS3 \KS2 . There we have σ˜ij = λσij
so that
|∇u˜0|
2
σ˜
=
1
λ
|∇u˜0|
2
σ ≤
2
λ
(
u20|∇ψ2|
2
σ + ψ
2
2 |∇u0|
2
σ
)
≤ (1− ε)2 .
provided that λ > 1 was chosen large enough depending on u0, ε and ψ2. This finishes
the proof. 
Remark 4.2. Note that in this construction the geometry of σ˜ can be chosen uni-
formly bounded (depending on supM |u0|, ε and the difference R2−R1). Note further
that u˜0(x) has the same sign as u0(x) for all x ∈M and that |u˜0| ≤ |u0|.
5. No lift-off
In the following (Lemma 5.1 and Remark 5.2) we will show that our constructed
solution has no lift-off behaviour at infinity. Because our construction involves ap-
proximation by compact problems, the proof is an easy maximum principle argument
in this case. On the other hand, excluding lift-off behavior directly for any given
solution needs an additional argument to compensate for the non-compactness and
is therefore treated afterwards (Theorem 5.4).
In the following lemma, we will assume that u0 ∈ C0,1(Rn) is uniformly spacelike
and has the property that |u0(x)| → 0 as |x| → ∞. We will furthermore denote by
u0,R a function constructed as in Section 4 that vanishes outside of BR(0) and is equal
to u0 on a smaller ball.
Lemma 5.1. Let R > 0 be large, T ∈ (0,∞] and let σ be an asymptotically flat
metric on Rn (n ≥ 3). Suppose uR ∈ C2;1
(
BR(0) × (0, T )
)
∩ C0
(
BR(0) × [0, T ]
)
is a
solution of the initial boundary value problem
∂tuR(x, t) = gij(σ,∇uR)
σ∇2ijuR(x, t) for (x, t) ∈ BR(0)× (0, T ),
uR(x, 0) = u0,R(x) for x ∈ BR(0),
uR(x, t) = 0 for (x, t) ∈ ∂BR(0)× [0, T ].
(5.1)
We extend u0,R and uR by zero for |x| > R. We additionally assume that we are
given ε > 0 and r1 > 0 such that |u0(x)| ≤ ε for |x| ≥ r1.
Then there is a function bε : Rn → R+, dependent only on σ (through (2.1) and
(2.2)), ε, r1, and supRn u0, such that
(i) |uR(x, t)| ≤ bε(x) for (x, t) ∈ Rn × (0, T ) and for all large R and
(ii) bε(x)→ ε for |x| → ∞.
Remark 5.2. Suppose r1 is given as a function of ε in the sense that for all ε > 0
|u0(x)| < ε for |x| ≥ r1(ε). Consider the infimum b(x) := infε>0 bε(x), which depends
on σ, supRn u0, and the function r1. Then
(i) |uR(x, t)| ≤ b(x) for (x, t) ∈ Rn × (0, T ) and for all large R and
(ii) b(x)→ 0 for |x| → ∞.
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Proof of Lemma 5.1. The maximum principle implies supRn×[0,T ) uR = supRn u0,R.
Using h := supRn×[0,T ) uR and leaving r1 as it is, Corollary 3.2 gives an r0 ≥ r1 and
a function b : Rn \ Br0(0) → R+ with the properties listed there. Instead of that we
will use bε := b+ ε (cf. Remark 3.3). Finally extend bε to Br0(0) by h. The asserted
property (ii) is readily seen.
For |x| < r0, we have the inequality uR(x, t) ≤ h = bε(x) and for |x| ≥ R, we
have |uR(x, t)| = 0 < bε(x), so it only remains to prove assertion (i) in the region
BR(0) \ Br0(0) (if non-empty). To achieve this we use the comparison principle.
Because of r0 ≥ r1 we have by assumption bε(x) > ε ≥ uR(x, 0) in BR(0) \ Br0(0).
By the definition of h we have bε(x) ≥ h + ε > uR(x, t) for |x| = r0 and also
bε(x) > 0 = uR(x, t) for |x| = R. So we have uR(x, t) < bε(x) on the parabolic
boundary of
(
BR \ Br0
)
× (0, T ). Note that bε is a supersolution in the visosity
sense as a minimum of two supersolutions. Thus, the comparison principle implies
uR(x, t) < bε(x) on BR(0) \Br0(0).
An analogous argument shows uR(x, t) > −bε(x) on BR(0) \ Br0(0) (cf. Remark
3.3). 
Remark 5.3. The assertions of Lemma 5.1, and therefore of Remark 5.2, also hold
when replacing (Rn, σ) by an asymptotically flat manifold and BR(0) by KR. In this
case, one uses constant barriers in the interior of the asymptotic neighbourhood.
Later on, we will show that the uR converge (for R → ∞) to a solution of the
initial value problem on the whole manifold that preserves the asymptotic behaviour.
In the following, we will show that this behaviour is preserved for any solution of the
initial value problem. Uniqueness of such a solution is shown by using the comparison
principle.
Theorem 5.4. Let T ∈ (0,∞] and let σ be an asymptotically flat metric on Rn
(n ≥ 3). Suppose u0 ∈ C0,1(Rn) is uniformly spacelike and satisfies
u0(x)→ 0 for |x| → ∞. (5.2)
Let u ∈ C2;1
(
R
n × (0, T )
)
∩ C0
(
R
n × [0, T )
)
be a solution of (2.7) with u(·, 0) = u0.
Further suppose that the solution is uniformly spacelike, i. e. there exists µ > 0 such
that |∇u|2σ ≤ 1− µ. Then for any t ∈ (0, T ) there holds
u(x, t)→ 0 for |x| → ∞. (5.3)
Moreover, this convergence is uniform in t and in u in the following sense. There is
a function b : Rn → R+, dependent only on u0 and σ, such that
(i) |u(x, t)| ≤ b(x) for (x, t) ∈ Rn × (0, T ) and
(ii) b(x)→ 0 for |x| → ∞.
Remark 5.5. The exact dependence on u0 in Theorem 5.4 is given through supRn u0
and the function r1(ε) := sup{|x| : |u0(x)| > ε}. The dependence on σ is given
through (2.1) and (2.2).
Remark 5.6. The barrier construction explained in the proof below also works for
dimensions n = 1, 2. As a consequence, (5.3) also holds in these dimensions but we
do not get (i) and (ii) in Theorem 5.4 because Lemma 5.1 and Remark 5.2 cannot be
used in these cases.
Proof of Theorem 5.4. Once (5.3) is established we can proceed as in the proof of
Lemma 5.1 and as in Remark 5.2 to arrive at the second assertion about the barrier
function. Thus, we are left to prove (5.3). To do so, we use barriers far out which
control the lift-off. More precisely, we implement the following ideas: Far out the
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metric σ is close to being Euclidean. A slight modification of a solution that came
out of the light cone in Minkowski space a long time ago gives a barrier which moves
very slowly. The further we go out the slower we can make it. To be able to compare
with the barrier, the uniform spacelikeness of our solution is essential, because it
excludes touching at the boundary where our barrier has gradient close to one.
Now we turn to the technical details. Firstly, we are assuming that we work far
out where σ is close to the Euclidean metric. To begin with, by choosing µ > 0, we
may assume that
|∇u|2δ ≤ 1− µ (5.4)
holds in the region we consider. Now we define the barrier function. Let α > 0. For
t0 < −1 and x0 ∈ Rn we define
b̂(x, t) ≡ b̂x0,t0(x, t) :=
√
2n(t− t0) + |x− x0|2 + α t,
(x, t) ∈ Bρ(x0) × [0,−t0],
where ρ ≡ ρ(t0) ≡ ρ(t0, µ) :=
√
2−µ
µ 4n(−t0). We list some properties of b̂:
Lemma 5.7.
∂tb̂ =
n√
2n(t− t0) + |x− x0|2
+ α, (5.5)
b̂i =
(x− x0)i√
2n(t− t0) + |x− x0|2
, (5.6)
b̂ij =
1√
2n(t− t0) + |x− x0|2
(
δij −
(x− x0)i(x− x0)j
2n(t− t0) + |x− x0|2
)
, (5.7)
∂tb̂− g
ij(δ,∇b̂)b̂ij = α, (5.8)
1− |∇b̂|2 ≥
µ
4
, (5.9)
b̂i
(x− x0)i
|x− x0|
≥
√
1−
µ
2
for |x− x0| = ρ. (5.10)
Proof. Direct calculations yield equations (5.5), (5.6), and (5.7). For the ease of
notation we may ignore α and x0 (by setting them equal to zero), for it is easy to
incorporate these afterwards. First we address (5.8). We have b̂i =
xi
b̂
and
gij(δ,∇b̂)b̂ij =
(
δij +
xixj
b̂2 − |x|2
)(
δij
b̂
−
xixj
b̂3
)
=
n
b̂
−
|x|2
b̂3
+
|x|2
b̂ (b̂2 − |x|2)
−
|x|4
b̂3(b̂2 − |x|2)
=
n
b̂
−
(b̂2 − |x|2)|x|2 − b̂2|x|2 + |x|4
b̂3(b̂2 − |x|2)
=
n
b̂
= ∂tb̂ .
Next, we prove (5.9):
1− |∇b̂|2 =
2n(t− t0)
2n(t− t0) + |x|2
≥
2n(−t0)
2n(−t0) + ρ2
=
1
1 + 2−µµ 2
=
µ
4− µ
≥
µ
4
.
(5.11)
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Finally, we estimate (5.10): With |x| = ρ and t ≤ −t0, we get
b̂i
xi
|x|
=
|x|
b̂
=
√
ρ2
2n(t− t0) + ρ2
≥
√
ρ2
4n(−t0) + ρ2
=
√√√√ 2−µµ
1 + 2−µµ
=
√
1−
µ
2
.
(5.12)
which finishes the proof of the lemma. 
The action of the parabolic operator on b̂ can be estimated in the following way:
∂tb̂− g
ij(σ,∇b̂) σ∇2ij b̂
≥ ∂tb̂− g
ij(δ,∇b̂)b̂ij −
∣∣∣gij(δ,∇b̂)b̂ij − gij(σ,∇b̂) σ∇2ij b̂∣∣∣
≥ α−
∣∣∣gij(σ,∇b̂)− gij(δ,∇b̂)∣∣∣ |̂bij | − ∣∣∣gij(σ,∇b̂)∣∣∣ ∣∣∣σΓ kij∣∣∣ |̂bl| .
We may use (5.9), the calculation of (3.11), |̂bij | . 1 for −t0 ≫ 1, and (2.4) to
conclude
∂tb̂− g
ij(σ,∇b̂) σ∇2ij b̂ > 0 (5.13)
if we are sufficiently far out, i. e. |x0| − ρ(t0) is sufficiently large depending on α, µ,
and σ only.
We have shown that b̂ + h (h ∈ R) is an upper barrier for u on Bρ(x0) × [0,−t0]
(|x0| large) if b̂+ h > u holds initially: Because of (5.4) and (5.10) there can not be
a first contact point of u and b̂ at ∂Bρ(x0)× (0,−t0). By (5.13) and (2.7), there can
not be a first contact in the interior either. For more a more detailed exposition, see
Proposition 5.8 below.
To prove (5.3) we show that for any t∗ ∈ (0, T ) and any ε > 0 there is R > 0
such that u(x, t∗) < ε for |x| > R. So let t∗ ∈ (0, T ) and ε > 0 be given. By
(5.2) there is R0 such that u(x, 0) <
ε
2 for |x| ≥ R0. Let us choose |t0| so large and
α so small that ∂tb̂x0,t0(x0, t) <
ε
2t∗ . After that we fix an arbitrary x0 ∈ R
n with
|x0| > R0 + ρ(t0) and |x0| being so large that (5.4) and (5.13) hold. Then b̂x0,t0 + h
with h = −b̂x0,t0(x0, 0) +
ε
2 is an upper barrier for u on Bρ(x0) × (0,−t0). We may
assume t∗ < −t0. In particular
u(x0, t
∗) < b̂x0,t0(x0, t
∗) + h ≤
ε
2
+ t∗ sup
t∈[0,t∗]
∂tb̂x0,t0(x0, t) ≤ ε ,
which establishes (5.3). 
To prove a version of this theorem for asymptotically flat manifolds, we apply a
comparison principle for barriers with large gradient at the boundary and solutions
with bounded gradient. In [1, Lemma 4.1], a similar technique has been used.
Proposition 5.8. Let Ω be an open bounded subset of a complete manifold M with
∂Ω ∈ C1 and outer unit normal ν. Let 0 < T ≤ ∞. Let u ∈ C2;1(M × (0, T )) ∩
C0(M × [0, T )) be a solution to (2.7) in Ω× (0, T ). Let b ∈ C2;1
(
Ω× [0, T )
)
fulfill
∂tb ≥ g
ij(σ,∇b) σ∇2ijb in Ω× (0, T ).
Assume that
u(·, 0) ≤ b(·, 0) in Ω and sup
Ω×(0,T )
|∇u| < inf
∂Ω×(0,T )
〈∇b, ν〉.
Then
u ≤ b in Ω× [0, T ).
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Proof. By replacing b by b + ε(1 + t) and later considering ε ց 0, we may assume
without loss of generality that ∂tb > gij(σ,∇b)
σ∇2ijb and u(·, 0) < b(·, 0). It suffices
to prove the result for any finite S such that 0 < S < T . We exhaust Ω by compact
sets Kl, l ∈ N, such thatKl ր Ω and ∂Kl → ∂Ω in C1 in a local graph representation.
We may assume without loss of generality that l is large enough so that
sup
Ω×(0,S]
|∇u| < inf
∂Kl×(0,S]
〈∇b, ν〉, (5.14)
where ν is the outer unit normal to ∂Kl. We fix l and argue by contradiction.
Hence, we may assume that there exists a first (x0, t0) ∈ Kl × (0, S], such that
u(x0, t0) = b(x0, t0). Now, we distinguish two cases:
• If x0 ∈ ∂Kl, we still have b − u ≥ 0 in Kl × {t0} with equality at x0 and
deduce that 〈∇(b − u), ν〉 ≤ 0 at (x0, t0). We get 〈∇b, ν〉 ≤ |∇u| there. This
contradicts (5.14).
• A first touching of u and b in the interior of Kl, however, is excluded by the
maximum principle as we have assumed that b is a strict supersolution.
We obtain u < b in Kl× [0, S]. Now, we let l→∞ and S ր T . The claim follows. 
Corollary 5.9. Theorem 5.4 holds for asymptotically flat (Mn, σ) with n ≥ 3.
Proof. The only case where the proof slightly differs from the proof of Theorem
5.4 is the second last paragraph: In this case one chooses |x0| (in an asymptotic
neighbourhood) and ρ > 0 so large that Bρ(x0) is still in this neighbourhood and
such that |∇b| > supM |∇u0| on ∂Bρ(x0). Then, v + h is an upper barrier for u by
Proposition 5.8. 
6. Boundary gradient estimates
Our goal in this section is to prove boundary gradient estimates for the modified
Dirichlet problem for the mean curvature flow. Let (M,σ) and u0 be as in the
previous sections. Let r0 (depending on (M,σ) and u0) be so large that Rn \Br0 lies
in an asymptotic coordinate neighbourhood and such that there exists a rotationally
symmetric static supersolution br0 of the mean curvature flow such that br0 = supu0+
1 at ∂Br0(0) (which is identified with ∂Kr0 by the chart at infinity).
For each R > max{2, r0}, let u0,R be modified initial data and σR be a modified
metric such that u0,R = 0 and σR = δ on M \ KR and u0,R = u0 and σR = σ in
KR−1. In this setting, we obtain an a priori gradient estimate on the boundary for
the corresponding solution of the Dirichlet problem:
Proposition 6.1. Let R > r0 and T ∈ (0,∞]. Suppose uR ∈ C2;1
(
BR2(0)× (0, T )
)
∩
C0
(
BR2(0) × [0, T )
)
is a solution of the initial boundary value problem
∂tuR(x, t) = gij(σR,∇uR)
σR∇2ijuR(x, t) for (x, t) ∈ BR2(0)× (0, T ) ,
uR(x, 0) = u0,R(x) for x ∈ BR2(0) ,
uR(x, t) = 0 for (x, t) ∈ ∂BR2(0)× [0, T ) .
(6.1)
Then we obtain
|∇uR|σR(x, t) . R
−n+ 3
2
for all |x| = R2 and t ∈ [0, T ).
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Proof. Let bR be a rotationally symmetric supersolution constructed in Section 3. By
Corollary 3.2, it can be chosen such that bR|∂KR ≥ supu0 + 1. Let aR be the value
of bR at ∂KR2 . Then aR < 1 by the asymptotics of bR for R≫ 1. Let b˜R = bR − aR.
Then b˜R has the following properties:
b˜R(x) ≥ sup
M
u0 for |x| = R , b˜R(x) = 0 for |x| = R
2 ,
where x ∈ M is identified with a vector in Rn via the asymptotic chart. If uR is a
solution of the Dirichlet problem of the proposition, we obviously have |uR(x, t)| ≤
supM |u0| for all times. Therefore,
uR(x, t) ≤ b˜R(x) for |x| = R and |x| = R
2 , t ∈ [0, T ) .
By construction, 0 = |u0,R| ≤ b˜R on KR2 \ KR. By the maximum principle and
because bR is a static supersolution, we obtain
−b˜R ≤ uR ≤ b˜R
on
(
KR2 \ KR
)
× [0, T ) and we have equality on ∂KR2 × [0, T ). This implies in
particular
∂(−b˜R)
∂ν
(x) ≤
∂uR
∂ν
(x, t) ≤
∂b˜R
∂ν
(x) for x ∈ ∂KR2 , t ∈ (0,∞) .
Since by (3.8) we have
|∇b(x)| ≃
(
|x|
R
)−n+ 3
2
,
and since |∇b| = |∇b˜|, and because the derivatives tangential to the boundary vanish,
we finally get
|∇u|σR(x, t) . R
−n+ 3
2 .
for all |x| = R2 and t ∈ [0, T ). 
Remark 6.2. In the cases n = 1, 2, we also get bounds on the derivative at |x| = R2.
The fact that in these cases b is unbounded as t → ∞ does not play a role in the
proof of the above lemma.
7. Derivative estimates
In this section, we are going to prove uniform derivative estimates for solutions of the
modified initial boundary value problem (6.1) for the mean curvature flow. These
estimates are crucial as they directly yield long-time existence of the solutions. The
key point is to compute an evolution inequality for a good quantity and to apply the
maximum principle. Similar ideas were used by Gerhardt [7].
Recall from [4, Proposition 3.2], that the evolution of v under the mean curvature
flow is given by
(
d
dt
−∆)v = −v
(
|A|2 +Rich(ν, ν)
)
. (7.1)
where Rich is the Ricci tensor of the metric h = σijdxidyj − (dx0)2 and ν is the unit
normal of the hypersurface. In this section, 〈., .〉, |.|, ∇ and ∆ are taken with respect
to the induced metric g on the graph of u unless otherwise specified.
Lemma 7.1. Let M have bounded geometry. Then the estimate∣∣Rich(ν, ν)∣∣ ≤ C(v2 − 1)
holds for some C ≥ 0.
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Proof. Using the product structure of M × R, we can evaluate the Ricci tensor,
Rich(ν, ν) = Ricσ
(
σ∇u√
1− |∇u|2σ
,
σ∇u√
1− |∇u|2σ
)
= v2Ricσ
(σ∇u, σ∇u) ,
where σ∇ denotes the gradient with respect to σ. From the definition of v we in-
fer v2|∇u|2σ = v
2 − 1. Since M has bounded geometry, its Ricci tensor satisfies
|Ricσ(w,w)| ≤ C|w|2σ for some C ≥ 0 and all w. Thus,∣∣Rich(ν, ν)∣∣ ≤ v2C|∇u|2σ = C(v2 − 1) . 
In the sequel, we will study a function also considered by Gerhardt [7] (for similar
ideas, see also e. g. [4, Proof of Proposition 4.4] or [8, Proof of Theorem 15]). For
λ, µ > 0, let us define the function
ϕ := v exp
(
µeλu
)
. (7.2)
Lemma 7.2. Under the mean curvature flow, the function ϕ evolves according to the
equation
(
d
dt
−∆)ϕ = −ϕ
(
|A|2 +Rich(ν, ν)
)
− 2λµ
ϕ
v
eλu〈∇u,∇v〉
− µλ2ϕeλu
{
µeλu + 1
}
|∇u|2 .
Proof. For the first derivative of ϕ, we calculate
ϕj = vj exp
(
µeλu
)
+ µλϕeλuuj . (7.3)
Further, for the second derivative we get
∇2ijϕ =
(
∇2ijv
)
exp
(
µeλu
)
+ µλ exp
(
µeλu
)
eλuuivj
+ µλ
(
vi exp(µe
λu) + µλϕeλuui
)
eλuuj
+ µλ2ϕeλuuiuj + µλϕe
λu∇2iju .
Taking the trace with respect to g, we obtain
∆ϕ =
ϕ
v
∆v + 2λµ exp
(
µeλu
)
eλu〈∇u,∇v〉
+ µ2λ2ϕe2λu|∇u|2 + µλ2ϕeλu|∇u|2 + µλϕeλu∆u .
Since the time derivative of ϕ is given by ∂tϕ = (∂tv)
ϕ
v + µλϕe
λu
∂tu, Lemma 2.3
implies that ϕ evolves according to
(
d
dt
−∆)ϕ =
ϕ
v
( d
dt
−∆
)
v + µλϕeλu
( d
dt
−∆
)
u︸ ︷︷ ︸
=0
−2λµ
ϕ
v
eλu〈∇u,∇v〉
− µλ2ϕeλu
{
µeλu + 1
}
|∇u|2 .
The claim now follows from the evolution equation (7.1) for v. 
Lemma 7.3. The estimate∣∣〈∇u,∇v〉∣∣ ≤ |A||∇u|2
holds.
Proof. Using the relation v2 = 1 + |∇u|2 from Lemma 2.4, we calculate
∂i(v
2) = 2vvi = 2g
jk(∇2iju)uk .
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Consequently,∣∣〈∇u,∇v〉∣∣ = 1
v
∣∣gjkgil(∇2iju)ukul∣∣ ≤ 1v |∇2u||∇u|2 .
Let piR : M × R → R denote the projection onto the second factor. Then the claim
follows from
|∇2u| = |dpiR(∇
2F )| = |dpiR(A)| = |A|v . 
Lemma 7.4. Let uR be a solution of the modified initial boundary value problem
(6.1). Then supM×{t} v ≤ c (where v is computed using uR instead of u) for some
finite constant c ≥ 1 which depends on σ and the initial data, but is independent of
R≫ 1.
Proof. Note that as long as the solution exists, we have
minu0 ≤ minu0,R ≤ ut,R ≤ max u0,R ≤ max u0
by the avoidance principle and the construction of u0,R. After possibly applying a
shift to u0, we further may assume
minu0 ≥ 0 .
Using Lemma 7.3 and |∇uR|2 ≤ v2 (see Lemma 2.4), we obtain the estimate
2〈∇uR,∇v〉 ≤ ε|A|
2v +
|∇uR|
4
εv
≤ v
(
ε|A|2 +
|∇uR|
2
ε
)
for any ε > 0. Together with the Lemmas 7.1 and 7.2, this implies
(
d
dt
−∆)ϕ ≤ −ϕ
((
1− ελµeλuR
)
|A|2 − C(v2 − 1)
)
− λµϕeλuR
(
λ
(
µeλuR + 1
)
−
1
ε
)
|∇uR|
2 .
Now let ε := e−λuR , λ := C and µ := 1C . Then ελµe
λuR = 1, and using |∇uR|2 = v2−1
we calculate
(
d
dt
−∆)ϕ ≤ ϕC(v2 − 1)− ϕeCuR
(
eCuR + C − eCuR
)
(v2 − 1)
= −ϕC
(
eCuR − 1
)
(v2 − 1)
minuR≥0
≤ 0 .
By the gradient estimates in Proposition 6.1, the function ϕ is bounded at ∂BR2(0)
for positive times. We can thus apply the maximum principle to conclude that
sup
B
R2
(0)×[0,T )
ϕ ≤ max
{
sup
B
R2
(0)×{0}
ϕ, sup
∂B
R2
(0)×[0,T )
ϕ
}
,
which yields the statement of the lemma. 
Lemma 7.5. Let R > 0 be large enough, T ∈ (0,∞] and let (Mn, σ), n ≥ 3, be an
asymptotically flat manifold. Suppose uR ∈ C
2;1
(
KR × (0, T )
)
∩C0
(
KR × [0, T )
)
is a
solution of the modified initial boundary value problem
∂tuR(x, t) = gij(σR,∇uR)
σ∇2ijuR(x, t) for (x, t) ∈ KR × (0, T ) ,
uR(x, 0) = u0,R(x) for x ∈ KR ,
uR(x, t) = 0 for (x, t) ∈ ∂KR × [0, T ] ,
where u0,R and σR are the modified initial data provided by Proposition 4.1.
We extend u0,R and uR by zero for |x| > R. We additionally assume that we are
given ε > 0 and r1 > 0 such that |u0(x)| ≤ ε for |x| ≥ r1.
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Then there is a function bε : M → R+, dependent only on σ, ε, r1, and supM u0
and a small constant κ > 0 dependent only on σ, r1, supM
(
|u0|+ |∇u0|σ
)
, such that
for all large R
(i) |uR(x, t)| ≤ bε(x) for (x, t) ∈M × (0, T ),
(ii) bε(x)→ ε for |x| → ∞,
(iii) |∇uR(x, t)|σ ≤ 1− κ for (x, t) ∈M × (0, T ).
Consequently, each solution uR can be extended for all times and satisfies the esti-
mates (i) and (iii) uniformly for all t ∈ (0,∞).
Proof. Choose bε as in the proof of Lemma 5.1. The estimates (i) and (ii) hold due to
Remark 5.3. Part (iii) follows directly from Lemma 7.4. Note that all these estimates
are independent of T . Suppose that Tmax < ∞ is the maximal time of existence.
By standard theory of parabolic equations, we also have bounds on all derivatives of
uR on (Tmax/2, Tmax) which are uniform up to Tmax. Therefore ut,R converges in all
derivatives to some function uTmax,R and we can apply short-time existence to get a
smooth extension of uR beyond Tmax which contradicts the maximality of Tmax. 
Remark 7.6. Suppose r1 is given as a function of ε in the sense that for all ε > 0
|u0(x)| < ε for |x| ≥ r1(ε). Here we may take the infimum b(x) := infε>0 bε(x) which
depends on σ, supM u0, and the function r1. With κ > 0 as above and R ≫ 1 large
enough, we then have
(i) |uR(x, t)| ≤ b(x) for (x, t) ∈M × (0, T ),
(ii) b(x)→ 0 for |x| → ∞
(iii) |∇uR(x, t)|σR ≤ 1− κ for (x, t) ∈M × (0, T ).
8. Long-time existence and convergence
In this section, we are going to prove the main statements of the paper.
Theorem 8.1. Let (Mn, σ) be an asymptotically flat manifold with n ≥ 3 and u0 ∈
C0,1(M) be uniformly spacelike such that
u0(x)→ 0 for |x| → ∞.
Then there exists a unique uniformly spacelike solution of (2.7) with u(·, 0) = u0 which
exists for all times and satisfies u ∈ C2;1
(
M × (0,∞)
)
∩ C0
(
M × [0,∞)
)
. Moreover,
u satisfies
u(x, t)→ 0 for |x| → ∞. (8.1)
and this convergence is uniform in t. More precisely, there is a function b : M → R
and a constant κ > 0, both only dependent on u0 and σ, such that
(i) |u(x, t)| ≤ b(x) for (x, t) ∈M × (0,∞),
(ii) b(x)→ 0 for |x| → ∞,
(iii) |∇u(x, t)|σ ≤ 1− κ for (x, t) ∈M × (0,∞).
Proof. By Lemma 7.5, the solutions uR exist for all times and are uniformly spacelike
in T and R. By standard theory for parabolic equations, we get uniform bounds
on higher derivatives on (δ,∞) where the bounds only depend on u0, σ and δ and
are in particular independent of R. Therefore, by the ArzelÃă-Ascoli theorem, the
family uR subconverges in all derivatives to a solution u of (2.7) with initial data u0.
The estimates (i)–(iii) are consequences of the estimates (i)–(iii) in Lemma 7.5 and
Remark 7.6.
To show uniqueness, one uses (8.1) in the following sense: Suppose that v(x, t) is
another uniformly spacelike solution of (2.7) which is defined up to a time T . Then
by Theorem 5.4, v also satisfies (8.1) for each t ∈ [0, T ). Therefore, u± ε can be used
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as a barrier for v on M × [0, T ). The maximum principle implies that for each ε > 0,
we get u− ε ≤ v ≤ u+ ε. Uniqueness follows from ε→ 0. 
Remark 8.2. Statement (8.1) also follows in dimensions n = 1, 2 but we cannot
conclude (i) and (ii) in these cases. These properties are however essential in the
proof of the main theorem below. In the case n = 1, we give a separate proof that is
done in a subsection below.
Theorem 8.3. Let u be the solution in Theorem 8.1. Then u (·, t) −−−→
t→∞
0 uni-
formly in C l for all l ∈ N0. More precisely, for each l ∈ N0, there exists a function
vl : [0, T )→ R with vl(t)→ 0 as t→∞ such that∥∥ut∥∥Cl(M) ≤ vl(t) .
Proof. First we prove the statement for l = 0. Since u decays as x→∞ by Theorem
8.1, we can apply the maximum principle to conclude that
v : [0, T )→ R , v(t) := sup
x∈M
|u(x, t)| ,
is monotonically decreasing. If v(t) → 0 for t → ∞, the claim follows. Assume that
v (t) −−−→
t→∞
δ > 0. By Theorem 8.1 there exists R > 0 such that |u (x, t)| ≤ δ2 for all
|x| ≥ R and t ≥ 0. Using the strict maximum principle once again in BR (0)× [0,∞)
yields that either v is strictly decreasing or u (·, t) is constant for all t ≥ T0. In the
second case we conclude (again by Theorem 8.1) that u (·, t) = 0 for all t ≥ T0.
Let tk ≥ 0 with tk −−−→
k→∞
∞ be arbitrary. Due to the uniform estimates for u in C l
for l ∈ N it follows by the Arzela`-Ascoli theorem (after choosing a subsequence also
labelled (tk)k∈N) that
u (·, t+ tk) −−−→
k→∞
u˜ (·, t)
uniformly and u˜ is a solution of the same differential equation as u. Due to the
uniform convergence we conclude that
sup
x∈M
|u˜ (x, t)| = lim
k→∞
sup
x∈M
|u (x, t+ tk)| = lim
k→∞
v (t+ tk) = δ > 0 (8.2)
for all t ≥ 0. Because |u (x, t)| −−−−→
|x|→∞
0 uniformly in t the same holds for u˜. Therefore,
x 7→ u˜(x, t) attains a maximum for each t ≥ 0. By the strict maximum principle, this
is strictly decreasing unless u˜ is constant, hence identically zero. However, this is a
contradiction to (8.2).
For arbitrary l ∈ N, the statement follows immediately from the following interpo-
lation inequality
‖∇f‖2C0(M) ≤ c (n) ‖f‖C0(M)
∥∥∇2f∥∥
C0(M)
since ‖u (·, t)‖C0(M) −−−→t→∞
0 and the uniform bounds for the derivatives of u hold. 
8.1. The One-Dimensional Case. For (M,σ) = (R, δ), the mean curvature flow
can be written in a particularly simple form which allows us to prove our main result
with a different method. To be more precise, for maps u : R×[0, T )→ R, the graphical
mean curvature flow (2.6) may equivalently be written as
∂tu =
u′′
1−
(
u′
)2 = 12
[
ln
1 + u′
1− u′
]′
. (8.3)
From Theorem 8.1 and Remark 8.2, we know already that (8.3) admits uniformly
spacelike solutions that exist for all times, provided that the initial data is nice enough.
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In the following, we will show convergence to 0 for uniform spacelike u0 and we will
even get a convergence rate if u0 ∈ L2(R).
Lemma 8.4. Let u : R × (0, T ) → ∞ be a smooth solution of (8.3) (which is con-
tinuous up to t = 0) with uniform spacelike initial data u0 ∈ C0,1(R) ∩ L2(R). Then
ut ∈ L
2(R) and ‖ut‖L2 ≤ ‖u0‖L2.
Proof. Choose a smooth cutoff function ψ with 0 ≤ ψ ≤ 1,
ϕ(x) =
{
1 , x ∈ [−1, 1] ,
0 , x /∈ (−2, 2) ,
and |ϕ′| ≤ 2 .
Let ϕ(x) = ψ(x/R) where R > 0. Then we get
∂t
∫
R
ϕ2u2dx = 2
∫
R
ϕ2(∂tu)udx =
∫
R
ϕ2u
(
ln
1 + u′
1− u′
)′
dx
= −2
∫
R
ϕ′ϕu
(
ln
1 + u′
1− u′
)
dx−
∫
R
ϕ2u′
(
ln
1 + u′
1− u′
)
dx
≤
1
δ
∫
R
(ϕ′)2u2dx+ δ
∫
R
ϕ2
(
ln
1 + u′
1− u′
)2
dx
−
∫
R
ϕ2u′
(
ln
1 + u′
1− u′
)
dx,
where δ > 0 is fixed below. Also using x ln 1+x1−x ≥ x
2 for |x| < 1, we further estimate
∂t
∫
R
ϕ2u2dx ≤
4
δR2
∫ 2R
−2R
u2dx+ Cδ
∫
R
ϕ2(u′)2dx−
∫
R
ϕ2(u′)2dx
≤
4
δR2
∫ 2R
−2R
u2dx ,
where C depends on sup |u′t| ≤ 1− ε and δ ∈ (0, C
−1). Now, define
A(t, R) = sup
y∈R
∫
R
u2ϕ2R,ydx ,
where ϕR,y(x) = ψ((x − y)/R). Note that A(t, R) is bounded because u is. After
integration in time, we get∫
R
ϕ2R,yu
2
tdx ≤
∫
R
ϕ2R,yu
2
0dx+
4
δR2
∫ t
0
∫ 2R
−2R
u2sdxds
≤ A(0, R) +
8
δR2
∫ t
0
A(s,R)ds
and taking the supremum over x on the left-hand side yields
A(t, R) ≤ A(0, R) +
8
δR2
∫ t
0
A(s,R)ds
and by the Gronwall inequality, we obtain
A(t, R) ≤ A(0, R) exp
(
8t
δR2
)
and the result follows by letting R→∞. 
Now we extend the cutoff argument to get a uniform estimate of the H1-norm.
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Lemma 8.5. Let u : R × (0, T ) → ∞ be a smooth solution of (8.3) with uniform
spacelike initial data u0 ∈ C
0,1(R) ∩ L2(R). Then ut ∈ H1(R) and
‖ut‖
2
L2 + t
∥∥u′t∥∥2L2 ≤ ∥∥u′0∥∥2L2
for all t > 0.
Proof. Let ϕ be as in the proof of Lemma 8.4. Then
∂t
(
t
∫
R
ϕ2(u′)2dx
)
=
∫
R
ϕ2(u′)2dx+ 2t
∫
R
ϕ2(u′)(∂tu)
′dx
=
∫
R
ϕ2(u′)2dx+ 2t
∫
R
ϕ2u′
(
u′′
1− (u′)2
)′
dx
=
∫
R
ϕ2(u′)2dx− 2t
∫
R
ϕ2
(u′′)2
1− (u′)2
dx− 4t
∫
R
ϕ′ϕu′
(
u′′
1− (u′)2
)
dx
≤
∫
R
ϕ2(u′)2dx− 2t
∫
R
ϕ2
(u′′)2
1− (u′)2
dx
+
2t
δ
∫
R
(ϕ′)2(u′)2dx+ 2tδ
∫
R
ϕ2
(u′′)2
(1− (u′)2)2
dx
≤
∫
R
ϕ2(u′)2dx+
2t
δ
∫
R
(ϕ′)2(u′)2dx− 2t(1− Cδ)
∫
R
ϕ2
(u′′)2
1− (u′)2
dx
≤
∫
R
ϕ2(u′)2dx+
8t
R2δ
∫ 2R
−2R
(u′)2dx− 2t(1− Cδ)
∫
R
ϕ2
(u′′)2
1− (u′)2
dx ,
where C depends on sup |u′t| < 1. Now, pick α ∈ (0, 1). Then, combining the above
estimate with the one from the Lemma 8.4, we obtain for any δ ∈ (0, (1 − α)C−1)
∂t
(∫
R
ϕ2u2dx+ αt
∫
R
ϕ2(u′)2dx
)
≤
4
δR2
∫ 2R
−2R
u2dx+
8αt
R2δ
∫ 2R
−2R
(u′)2dx
− (1− α− Cδ)
∫
R
ϕ2(u′)2dx− 2t(1− Cδ)α
∫
R
ϕ2
(u′′)2
1− (u′)2
dx
≤
4
δR2
∫ 2R
−2R
u2dx+
8αt
R2δ
∫ 2R
−2R
(u′)2dx .
Analogously to the above, we define
A(t, R, α) = sup
y∈R
(∫
R
u2ϕ2R,ydx+ αt
∫
R
(u′)2ϕ2R,ydx
)
,
where ϕR,y(x) as in the proof of the previous lemma. After integration in time, we
get ∫
R
ϕ2R,yu
2
tdx+ αt
∫
R
ϕ2R,y(u
′
t)
2dx
≤
∫
R
ϕ2R,yu
2
0dx+
4
δR2
∫ t
0
∫ 2R
−2R
u2sdxds+
8α
R2δ
∫ t
0
s
∫ 2R
−2R
(u′s)
2dxds
≤ A(0, R, α) +
16
δR2
∫ t
0
A(s,R, α)ds
and taking the supremum over x on the left-hand side yields
A(t, R, α) ≤ A(0, R, α) +
16
δR2
∫ t
0
A(s,R, α)ds.
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By the Gronwall inequality, we obtain
A(t, R, α) ≤ A(0, R, α) exp
(
16t
δR2
)
and the result follows from letting R→∞ and then letting α→ 1. 
Proposition 8.6. Let u : R× (0, T )→∞ be a smooth solution of (8.3) with uniform
spacelike initial data u0 ∈ C
0,1(R)∩L2(R). Then ut → 0 for t→∞, uniformly in all
derivatives. More precisely,∥∥∥u(k)∥∥∥
L∞
≤ Ck · t
− 1
4
for some C ≥ 0 and for all t > 0.
Proof. By the one-dimensional Gagliardo-Nirenberg inequality and Lemma 8.5, we
obtain
‖u‖L∞ ≤ C
∥∥u′∥∥ 12L2 ‖u‖ 12L2 = Ct− 14 (t 12 ∥∥u′∥∥L2) 12 ‖u‖ 12L2 ≤ Ct− 14 .
For higher derivatives, the assertion follows from short-time derivative estimates of
the form∥∥∥u(k)t+1∥∥∥L∞ ≤ Ck · ‖ut‖L∞ ,
which finishes the proof. 
Remark 8.7. The convergence rate in Proposition 8.6 is the same as one gets for
solutions of the 1-dimensional heat equation with initial data in L2. This can be seen
as follows: If u0 ∈ L2(R), the solution of the heat equation with initial data u0 is
given by
u(x, t) =
∫
R
K(y − x, t)u0(y)dy , K(x, t) = (4pit)
−1/2 · e−
x2
4t ,
where K is the 1-dimensional heat kernel. A direct computation proves that the
inequality ‖K(·, t)‖L2 ≤ C · t
−1/4 holds. Finally Young’s inequality for convolutions
implies that
‖u(·, t)‖L∞ ≤ ‖K(·, t)‖L2 ‖u0‖L2 ≤ C · t
−1/4 · ‖u0‖L2 ,
which is the estimate we claimed.
Theorem 8.8. Let u : R × (0, T ) → ∞ be a smooth solution of (8.3) with uniform
spacelike initial data u0 ∈ C
0,1(R) such that u0(x)→ 0 as |x| → ∞. Then, if t→∞,
ut → 0 uniformly in all derivatives. More precisely, there exist functions vk(t) with
vk(t)→ 0 as t→∞ such that∥∥∥u(k)∥∥∥
L∞
≤ vk(t)
for some C ≥ 0 and for all t > 0.
Proof. For each ε > 0, pick a compactly supported smooth function v0,ε such that
−v0,ε −
ε
2
≤ u0 ≤ v0,ε +
ε
2
.
By the maximum principle, the corresponding solutions satisfy
−vε −
ε
2
≤ u ≤ vε +
ε
2
for all times. As vε → 0, we conclude that |u| ≤ ε for all t ≥ T (ε) and some large
time T (ε), and the assertion for u follows for k = 0. For the higher derivatives, the
claim follows from standard estimates. 
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